Matter described by Quantum Chromodynamics (QCD),
for the phase diagram of QCD.
QCD is the theory of strong interactions-one of the four fundamental interactions occurring in nature, and an essential part of the standard model of particle physics. It describes interactions between quarks and gluons, which are the ultimate constituents of the majority of the visible mass of the universe (1, 2) . In the short-distance regime where the momentum exchange between quarks and gluons is large, the strong coupling constant becomes small through the mechanism of asymptotic freedom. In this perturbative region QCD is very successful in explaining various processes observed in experiments involving electron-positron, proton-proton and proton-antiproton collisions (3) . In the non-perturbative regime tests of the theory were related to the computation of hadron properties (4) . In other regimes of long-distance nonperturbative physics, the theory is yet to be tested. Here, we test the thermodynamics of bulk strongly interacting matter. In QCD there are conserved quantities like the net-baryon number, B, the net-electric charge, Q, and the net-strangeness, S. The term net means the algebraic sum of the quantum numbers, where those of anti-particles are the negatives of the corresponding particles. As a result the thermodynamics of the bulk can be characterized by the corresponding chemical potentials (energy needed to add/remove one unit of the conserved quantity to/from the system) µ B , µ Q , and µ S in addition to the temperature, T , conjugate to the conserved energy of a bulk system. In experimental studies of particle ratios measured in heavy-ion collisions it is observed that the relevant values of µ Q and µ S are small compared to µ B . For example, in Au ion collisions within rapidity range of ± 0.1 unit at √ s NN = 200 GeV (with impact parameter less than 3 fm) one finds that µ B = 22 ± 4.5 MeV, while µ S = 3.9 ± 2.6 MeV and µ Q is still smaller (9) .
The lattice formulation of QCD is a non-perturbative approach from first principles for obtaining the predictions of QCD. Space-time is replaced by a lattice; quarks occupy the sites, and gluons occupy the links between the sites. The lattice spacing, a, is the inverse of the cutoff required to regulate any interacting quantum field theory. The theory is solved numerically at several values of a. The extrapolation to the continuum (a = 0) can then be made through the renormalization group equations. In QCD there is a conventional temperature, T c , which is an intrinsic scale of bulk hadronic matter. We follow the definition that it is the temperature at the peak of a susceptibility related to the confinement-deconfinement order parameter (called the Polyakov loop susceptibility, χ L ) at µ B = 0 (10-13). Lattice QCD computations show that this peak is finite, which corresponds to a cross-over (14, 15) . The temperature at which χ L peaks, of course, changes with µ B . However, once T c is known, such shifts as a function of µ B can be quantified. This is similar to saying that the Celsius scale of temperature is defined by the boiling point of water at normal pressure, P , and that the boiling point changes with P .
One of the most basic questions to ask about bulk hadronic matter is the value of T c . This can be represented as a link in a "circle of reasoning" that encompasses all the regimes of non-perturbative QCD (Fig.1) . So far the strategy to find T c has been indirect: first lattice QCD computations are performed at both T = 0 and T > 0 in order to determine a ratio T c /m, where m is a typical hadronic scale (step (b) of Fig.1 ). Then one replaces the scale m, determined on the lattice, by an experimental measurement (step (a)). The temperature at each √ s NN extracted from models of particle yields (18, 19) is step (d) of the circle of reasoning. From such models one finds that the fireball of bulk nuclear matter created in heavy-ion collisions, which is initially putations (10-13) agree with general symmetry arguments (21) , which indicate that at µ B = 0 there is neither a first-order nor a second-order phase trans ition but only a cross-over at T c .
The determination of T c sets the scale of the QCD phase diagram. Current best estimates of the position of the critical point (22) are reflected in the position indicated in Fig.2 . The experimental focus currently is on an attempt to locate the critical point and the line of phase coexistence (23, 24) .
By changing √ s NN one traces out a line of chemical freeze-out in the phase diagram, as shown in Fig.2 . This line is parameterized through a hadron resonance gas model (18, 19) .
Because this work focuses on making a connection between QCD thermodynamic calculations and observables measured in experimental facilities, we also show in Fig.2 
B , of order n (27). These are the Taylor coefficients in the expansion of P with respect to µ B at fixed T in the usual dimensionless form
Lattice measurements of the series expansion of the NLS in powers of µ B /T are resummed using Pade approximants in order to give predictions for the above quantities (16) . They are of interest because they are related to cumulants of the fluctuations of the baryon number in thermal and chemical equilibrium in a grand canonical ensemble.
The n-th cumulant of such fluctuations, [B n ], is given by
where V is the volume of the observed part of the fireball. There is one remaining subtlety in comparing lattice computations with experimental data.
Most experiments are designed to measure event-by-event net-protons. The data discussed in the current work is from the STAR experiment at RHIC (17) , which identifies protons and antiprotons by measuring the specific ionization energy loss of these particles in the gas of a Time Projection Chamber. These measurements miss neutrons, the other dominant part of the baryon distribution. This may impose limitations on our measurement of fluctuations. However the effect of isospin fluctuations on the shape of the net-baryon distributions is small (30). Hence we proceed under the assumption that the shape of the net-proton distributions reflects the netbaryon distributions up to distortions smaller than the estimated errors in measurements of the cumulants.
We are unable to exploit Eq. 2 directly in heavy-ion experiments because the volume, V , is hard to determine precisely experimentally. However, the ratios
do not contain the volume and therefore provide a direct and convenient comparison of experiment and theory (31) . The above equations are written in a form that emphasizes this connection-the left hand side can be measured in an experiment whereas the right hand side can be predicted by lattice QCD. We use the notation m 1,2,3 generically to refer to either side.
We now proceed to discuss the comparison of m 1 and m 2 from experiment and theory (Fig.3) . The experimental measurements (17) On the upper scales of Fig.3 we also show the µ B and T values at chemical freeze-out that correspond to the various √ s NN . For this we used the functional relationship between these values from the hadron resonance gas model using the yields of hadrons discussed in (18, 19) . In order to arrive at a quantitative estimate of the scale parameter T c we perform a standard statistical analysis. For each value of T c we compute,
where the errors in the experimental and lattice QCD quantities are obtained as explained above.
The lattice predictions are calculated for the grid of T c values (Fig. 4) . The minimum of χ 2 , corresponding to the most probable value of the parameter being estimated, occurs at T c = 175 MeV. The standard errors on the parameter are the values of T c for which χ 2 exceeds the minimum value by unity. It is clear from Fig.4 (B) that this is bounded by +5 and −10 MeV. A piece-wise linear interpolation between the grid points yields the more reliable error estimate, +1 and −7 MeV. By comparing different interpolation schemes we find that the error estimate is stable. As a result we conclude that
The error estimates include systematic and statistical errors on experimental data but only statistical errors on the lattice QCD computations.
The result in Eq. 5 is compatible with current indirect estimates of T c which come from setting the scale of thermal lattice QCD computations via hadronic observables. Furthermore, this gives a scale for temperatures which is compatible with the resonance gas model, as shown in Fig.3 . As we discussed in the introduction, this closes a circle of inferences which shows that phenomena obtained in heavy-ion collisions are fully compatible with hadron phenomenology, and provides a first check in bulk hot and dense matter for the standard model of particle physics.
Conclusions and Outlook:
We have performed a direct comparison between experimental data from high energy heavy-ion collisions on net-proton number distributions and lattice QCD calculations of net-baryon number susceptibilities. The agreement between experimental data, lattice calculations and a hadron resonance gas model indicates that the system produced in heavy-ion collisions attained thermalization during its evolution. The comparison further enables us to set the scale for non-perturbative high temperature lattice QCD by determining the critical temperature for the QCD phase transition to be 175 +1 −7 MeV. This work reveals the rich possibilities that exist for a comparative study between theory and experiment of QCD thermodynamics and phase structure. In particular, the current work can be extended to the search for a critical point. In a thermal system, the correlation length (ξ) diverges at the critical point. ξ is related to various moments of the distributions of conserved quantities such as net-baryons, net-charge, and net-strangeness. Finite size and dynamical effects in heavy-ion collisions put constraints on the values of ξ (35). The lattice calculations discussed here and several QCD-based models have shown that moments of net-baryon distributions are related to baryon number susceptibilities and that the ratio of cumulants m 2 = κσ 2 , which is related to the ratio of fourth order to second order susceptibilities, shows a large deviation from unity near the critical point. Experimentally, κσ 2 can be measured as a function of √ s NN (or T and µ B ) in heavy-ion collisions. A non-monotonic variation of κσ 2 as a function of √ s NN would indicate that the system has evolved in the vicinity of the critical point and thus could be taken as evidence for the existence of a critical point in the QCD phase diagram.
